We analyze the double radiative B-meson decays B s → γγ and B d → γγ in QCD factorization based on the heavy-quark limit m b ≫ Λ QCD . We systematically discuss the various contributions to these exclusive processes. The dominant effect arises from the magnetic-moment type transition b → s(d)γ where an additional photon is emitted from the light quark (one-particle reducible diagram). The contributions from one-particle irreducible diagrams are power suppressed. We argue that they are still calculable within QCD factorization. They are used to compute the CP-asymmetry in B → γγ and to estimate so-called long-distance contributions in B and D → γγ. Numerical results are presented for branching ratios and CP asymmetries.
Introduction
The rare decays of B mesons provide an excellent means to further explore the Standard Model (SM) and to detect New Physics. In particular the Cabibbofavoured radiative b → sγ modes belong to the small number of rare decays that are experimentally accessible already at present [1] [2] [3] [4] and give severe bounds on the parameter space of New Physics scenarios. On the theoretical side both the inclusive [5] [6] [7] and exclusive [8] [9] [10] b → sγ decays are now known at next-toleading-logarithmic (NLL) accuracy.
For the double radiative decays B → γγ experimentally so far only upper limits on the branching fractions exist: at 90% C.L. [12] (1)
The Standard Model expectations are roughly two orders below the current upper limits. These decays have a rather clean experimental signature. Furthermore they are of interest because they could provide useful tests of QCD dynamics in B decays. The B → γγ modes realize the exceptional situation of nontrivial QCD dynamics related to the decaying B, in conjunction with a completely nonhadronic final state and simple two-body kinematics. In principle they also probe the CKM parameters V ts and V td and could allow us to study CP violating effects as the two-photon system can be in a CP-even or CP-odd state. While contributions of New Physics to B s → γγ are strongly constrained by the measurements of b → sγ transitions, a sizable enhancement of B d → γγ from effects beyond the Standard Model is still conceivable. The theoretical treatments of B s → γγ performed so far [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] all had to employ hadronic models to describe the B s meson bound state dynamics. A clear separation of short-and long-distance dynamics and a distinction of modeldependent and model-independent features were therefore not possible. This concerns especially the dynamics of the light-quark constituent inside the B, but also contributions from intermediate J/ψ, η c , φ or D ( * ) s meson states, which have been discussed as sources of potentially important long-distance effects. Another process related to B → γγ is the decay B → l + l − γ. This decay has recently been studied in [23] .
We present in this paper a systematic analysis of the exclusive double radiative decays B s,d → γγ in QCD, based on the heavy quark limit m b ≫ Λ QCD . This limit allows us to give a factorization formula for the hadronic matrix elements of local operators in the weak Hamiltonian [8, 9, 10, 24] . In this manner we can systematically separate perturbatively calculable hard scattering kernels from the nonperturbative B-meson light-cone distribution amplitude (LCDA). Power counting in Λ QCD /m b allows us to identify leading and subleading contributions to B → γγ. Only one diagram contributes at leading power, but the most important subleading contributions can also be calculated. The inclusion of these corrections is used to estimate CP asymmetries in B → γγ and one-particle irreducible two-photon emission from light-quark loops in D → γγ. These corrections represent the quark-level analogue of so-called long-distance contributions in these decays.
The remainder of this paper is organized as follows. In section 2 we give the basic formulas necessary for the calculation of the observables of interest. Section 3 contains our discussion of leading-power and section 4 the one of subleadingpower contributions. In section 5 we comment on long-distance contributions in B → γγ and D → γγ decays. Numerical results are presented and discussed in section 6. Section 7 contains our conclusions.
Basic formulas
The effective Hamiltonian for b → sγγ is identical to the one for b → sγ transitions. This is because the equations of motion (EOM) can be used to reduce the basis with operators containing two photon fields [25] . Up to corrections of order 1/M 2 W the effective Hamiltonian thus reads
where λ
The operators are given by
The most important operators are the magnetic penguin operator Q 7 and the fourquark operators Q p 1,2 . The sign conventions for the electromagnetic and strong couplings correspond to the covariant derivative
With these definitions the coefficients C 7,8 are negative in the Standard Model, which is the choice generally adopted in the literature. The effective Hamiltonian for b → dγγ is obtained from (2-11) by the replacement s → d. The Wilson coefficients C i in (2) are known at next-to-leading order [7] .
The amplitude for the B → γγ decay has the general structure
Here F µν andF µν are the photon field strength tensor and its dual, wherẽ
with ε 0123 = −1. The decay rate is then given by
In the heavy-quark limit we propose a factorization formula for the hadronic matrix elements of the operators in (2):
where the ǫ i are the polarization 4-vectors of the photons and Φ B ≡ Φ B1 is the leading twist light-cone distribution amplitude of the B meson. The latter quantity is a universal, nonperturbative object. It is defined via the light-cone projector for the B meson at leading power [24] 
The functions Φ B1,B2 (ξ) describe the distribution of light-cone momentum fraction ξ = l + /p + of the spectator quark q with momentum l inside the B meson (only Φ B1 contributes in 15). Here light-cone components of four-vectors v are defined by
The wave functions are highly asymmetric with ξ = O(Λ QCD /m b ). They are normalized as
If the light-like vector n in (16) is chosen appropriately parallel to one of the 4-momenta of the photons, only the first negative moment of Φ B1 (ξ) appears, which we parametrize by a quantity
Because there are no hadrons in the final state, only one type of hard-scattering kernel T (type II or hard-spectator contribution [8, 24] ) enters the factorization formula. The QCD factorization formula (15) holds up to corrections of relative order Λ QCD /m b . The form of (15) with a simple convolution over the light-cone variable ξ is appropriate for the lowest (leading logarithmic) order in α s , which we will use in the present analysis. A generalization to include transverse-momentum variables is likely to be necessary at higher orders in QCD [24, 26, 27, 28] . We conclude this section with a brief discussion of CP violation in B → γγ. The subscripts ± on A ± , defined in (12) forB → γγ, denote the CP properties of the corresponding two-photon final states, which are eigenstates of CP: A CP =+1 is proportional to the parallel spin polarization ǫ 1 · ǫ 2 and A CP =−1 is proportional to the perpendicular spin polarization ǫ 1 × ǫ 2 of the photons. In addition to A ± we introduce the CP conjugated amplitudesĀ ± for the decay B → γγ (decayinḡ b anti-quark). Then the deviation of the ratios
from zero is a measure of direct CP violation. We shall focus here on this direct effect, which is specific for the B → γγ decay, and will not consider CP violation originating in B-B mixing. Due to the unitarity of the CKM matrix we can parametrize
where a ± u,c are real hadronic matrix elements of weak transition operators and the α ± u,c are their CP-conserving phases. We then have
The weak phase differences read
with the negative sign for q = s and the positive sign for q = d. The strong phase differences sin(α ± c − α ± u ) arise from final state interaction (FSI) effects, generated for instance via the Bander-Silverman-Soni (BSS) mechanism [29] .
3 B → γγ at leading power Q 7 , where the second photon is emitted from the s-quark line. An illustration is given in Fig. 1 . Evaluating the factorization formula (15) for this diagram leads to the matrix element
Together with (2) and the definition of A ± in (12) this implies
where CKM unitarity, λ
t , has been used. After summing over the photon polarizations the branching fraction to leading power becomes
where q = d, s for the decay of a B d or a B s meson, respectively. In the present approximation the strong-interaction matrix elements multiplying λ One may compare the behaviour of the B → γγ decay amplitude in the heavyquark limit with that of the rare decays B → V γ (with V a vector meson) and B → ππ. Disregarding CKM factors we can write where we have used that the form factors scale as (Λ = Λ QCD )
We observe that the ratio of the three amplitudes in (28) 
is leading in the heavy-quark limit, while the other two are successively stronger suppressed. However, this hierarchy is compensated by the opposite pattern e 2 : e : 1 in the electromagnetic coupling e.
Contributions to B → γγ with power suppression
Subleading contributions come from the 1PR diagram, where the second photon is emitted off the b quark line (Fig. 2) , and from the one-particle irreducible diagram (1PI) (see Fig. 3 ).
To estimate the subleading 1PR contribution, we simply evaluate the graphs in Fig. 2 using the B-meson projector in (16) . The result equals λ B /m B times the leading-power expression in (25) , clearly showing the power suppression of this mechanism. Other corrections of the same order can arise from higher-twist terms in the B-meson wave function. We shall neglect all those subleading terms for the matrix element of Q 7 , keeping in mind that they could naturally contribute relative corrections of order ∼ 10%. We stress, however, that subleading effects in Q 7 contribute equally to the up-and charm-quark components of the amplitude (see (2)). Therefore they do not give rise, in particular, to relative FSI phases between these sectors, which would affect direct CP violation. The same is true for perturbative QCD corrections to Q 7 . We next consider more closely the diagrams in Fig. 3 . These 1PI contributions, which come from the matrix elements of four-quark operators in (2), are of special interest for two reasons. First, they are the basic effects responsible for a difference between the up-and charm-quark sectors of the amplitude, including rescattering phases. Second, they represent the parton-level processes that are dual to B → γγ amplitudes from Q i with hadronic intermediate states (J/Ψ, D ( * ) , etc.), which are commonly considered as generic long-distance contributions. Investigating the amplitude in Fig. 3 will therefore shed light on this class of effects in B → γγ.
It shall now be argued that the 1PI contributions are calculable using QCD factorization. It is known that the one-loop contribution in Fig. 3 is free of infrared (IR) singularities. In addition we will show that also at O(α s ) there are no collinear or soft IR divergences at leading power in 1/m b . By leading power we here mean the lowest nonvanishing order in the power expansion, where the entire 1PI contribution starts only at subleading power with respect to the dominant mechanism in Fig. 1 . This suppression will be apparent from the explicit expressions given in (36) below. The relevant two-loop diagrams at O(α s ) are shown in Fig. 4 . Following the approach explained in the second reference of [24] for the case of B → Dπ decays, we demonstrate the absence of divergences for the hard-scattering part of the amplitude at O(α s ). As a consequence the matrix elements of four-quark operators can be written in factorized form as in (15) , where in the present case the kernel T µν i is independent of ξ:
The proof proceeds by identifying the potentially IR singular regions in the loop-momentum variables s and t and by determining the degree of IR divergence through power counting. We distinguish the following cases: (i) s, t soft, where all components scale like s, t ∼ Λ ≪ m b . (ii) s, t collinear with either photon momentum k 1 or k 2 , for instance
describing the region where s and t are collinear with k 1 . Similar relations, with k 1 and k 2 interchanged, apply to the case where the loop momenta become collinear with k 2 . The parameters in (31) scale as
and we have k
We consider explicitly the case where the quark inside the loop is massless, which is the most IR singular situation. The momentum l of the light external quark is counted as a soft quantity l ∼ Λ. The dominant region for the diagrams in Figs. 3, 4 arises when both loop momenta are hard, s, t ∼ m b . The diagrams then scale as m b . To demonstrate IR finiteness, one has to show that the potentially singular regions scale at least with one power of Λ and thus are suppressed relative to the hard contribution. Scaling as Λ 0 m b in a singular region would indicate a logarithmic divergence. The relevant cases for s and t are the soft-soft, softhard, hard-soft, collinear-collinear, collinear-hard, hard-collinear, soft-collinear and collinear-soft regions. For the collinear regions the momenta can be either ∼ k 1 or ∼ k 2 . In the collinear-collinear case one needs to consider primarily that both momenta ∼ k 1 , or both ∼ k 2 . If one momentum is ∼ k 1 and the other ∼ k 2 , the contribution is always less singular in the infrared. In the second reference of [24] , besides the soft-collinear regions, a supersoft-collinear scaling had to be discussed, where s, t ∼ Λ 2 for supersoft momenta. In the present context this scaling is not more singular than the soft-collinear one and will thus not be considered further.
Power counting then shows that all diagrams in Fig. 4 are IR finite at leading power in the soft-soft, soft-hard, hard-soft, collinear-hard, hard-collinear, softcollinear and collinear-soft regions. In some cases one encounters a superficial logarithmic divergence, which vanishes when the relations k 
(34) Expanding the numerator in powers of Λ using (31) one finds that the superficial linear divergence drops out. This leads to
with the remainder of the diagram Γ R ∼ Λ
, the contribution behaves only as D (f ) ∼ Λ. In a similar way all other contributions from the collinearcollinear regions can be shown to be power-suppressed.
In addition to the graphs displayed in Fig. 4 there are also diagrams in which the gluon connects only to the lines inside the triangular quark loop (vertex and self-energy corrections). Also these diagrams are found to be IR finite at leading power.
Finally, in contrast, one-gluon exchange among the external lines does generate leading IR divergences. However, these singularities match those appearing in the perturbative evaluation of the B-meson decay constant f B at the same order, in accordance with the factorization formula (30) . This completes our proof that at O(α s ) for the 1PI contribution there are no collinear or soft infrared divergences at leading power in 1/m b in the hard-scattering kernel. It supports our claim that these diagrams are calculable using QCD factorization.
Evaluating the 1PI diagram in Fig. 3 we find the matrix elements
with
Here
and (p = u, c)
We note that the function g(z) is related to the kernel h(u, s) defined in [8] Its value at z = 1 is g(1) = 2(π 2 − 9)/9, and g(z) → 0 as z → ∞. The function g(z) has an imaginary part for 0 < z < 1/4, which is maximal close to z ≈ 0.1, the approximate physical value for the case of an internal charm quark. The imaginary part is due to the rescattering process B → pp → γγ with an onshell light-quark pair pp in the intermediate state. Since the process B → pp is forbidden by helicity and angular momentum conservation for a massless quark p, the function g(z) is real at z = 0 (that is for p = u). The helicity suppression of the phase will be absent at higher order in α s .
Including the effect of 1PI diagrams in the decay amplitudes, the quantities A ± from (26) become
where we have decomposed A ± into
We see that only A − is modified. The imaginary part of the 1PI loop diagram leads to a relative CP-conserving phase between the λ u and the λ c contribution. This gives a nonvanishing r − CP while r + CP is still zero. The effect of penguin operators Q 3 , . . . , Q 6 in the 1PI graphs is very small (at the percent level for the total amplitude) due to the small size of their Wilson coefficients. Also, they contribute equally to the up and charm sectors. We shall neglect them here. Their matrix elements can be found in [30] .
Long-distance contributions to B → γγ and D → γγ
We would next like to comment on the issue of long-distance effects and their relation with our analysis based on the heavy-quark limit. Long-distance contributions were calculated for both B → γγ [15, 31, 32] and D → γγ [33, 34] . The following mechanisms have been considered:
• B and D → V γ, with a light vector meson V , followed by a V → γ conversion with the conversion factor supplied by the vector meson dominance (VMD) model. This gives a long-distance contribution to the matrix element of operator Q 7 . Counting powers of m b in the explicit result for the B s → φγ → γγ amplitude in [15] shows that it is suppressed with Λ QCD /m b compared to the leading power result from Fig. 1 . However, this is only one among the possible subleading power mechanisms for Q 7 . Another comes, for example, from the diagram in Fig. 2 .
We can apply a similar power counting to the D → γγ VMD amplitude of [34] . In the limit of a heavy charm quark it is likewise power suppressed with Λ QCD /m c compared to the short-distance amplitude. The limit m c ≫ Λ QCD is certainly questionable, but has nevertheless proven successful in some applications to charmed hadrons [35] . Again, the VMD contributions are just one out of several possible power corrections to the Q 7 matrix element.
• Single-particle unitarity contributions where the D 0 mixes with a spinless intermediate particle M, which then decays into a photon pair, D 0 → M → γγ. As far as the quark-level topology is concerned, such a process corresponds to the 1PI contribution in Fig. 3 . Relative to this contribution the amplitudes in [34] are at most of the same order in powers of the inverse heavy charm quark mass.
• Two-particle unitarity contributions are other hadron-level counterparts of the 1PI diagrams. [34] mesons were calculated for B s → γγ and D → γγ, respectively. As we will see in the next section, the effect of the 1PI contributions in B → γγ on the decay amplitude is small. The authors of [32] also get a not too large effect in their reestimate of the result of [31] , which had suggested a more sizable long-distance contribution. Yet, one has to keep in mind that the effects from intermediate D and D * mesons are only two of many possible hadronic intermediate states. Since the meson model calculations are not based on a systematic approximation, it is for instance conceivable that cancellations required by quark-hadron duality would be missed. This could then lead to an overestimate of the effect.
With obvious replacements we can use our 1PI results in (36) -(42) to estimate the quark-level analogue of the two-particle unitarity contributions to D → γγ calculated in [34] . We obtain for the 1PI amplitude
where we set f D = 200 MeV, m s = 120 MeV, m d = 0 and evaluated the Wilson coefficients at m c . The contributions of a strange quark and a down quark in the loop are accompanied by CKM elements that are practically equal in absolute value, but opposite in sign. This leads to a strong GIM cancellation in the square bracket. Note that
The GIM mechanism removes the constant (−2) and gives an additional suppression ∼ 1/m 2 c . Due to large logarithms ln z and numerical factors the suppression is relatively mild numerically. Also for the 1PR amplitude, the c → uγ transition exhibits a much stronger GIM cancellation than the corresponding process b → sγ. In this case this has crucial consequences for the hierarchy of higher-order QCD terms. Leading logarithmic QCD corrections are known to enhance the c → uγ amplitude by more than an order of magnitude. Including the two-loop QCD contributions increases the amplitude by another two orders of magnitude [36] . Note however that the two-loop estimate from [36] shows a GIM cancellation pattern very similar to the 1PI amplitude in (43). In other words, the strong hierarchy of QCD corrections discussed in [36] is peculiar to the c → uγ transition. Hence, we do not expect a significant change from higher-order QCD corrections to (43). As a crude estimate, we therefore compare (43) with the c → uγ amplitude from the dominant two-loop diagrams of [36] , which lead to an effective coefficient |A| = 0.0047 (entering the amplitude with a normalization corresponding to |V cs V us C 7 |). We thus obtain for the "short-distance" amplitude (assuming λ D = 350 MeV):
We see that the 1PI amplitude, in this rough order-of-magnitude estimate, is smaller than the CP-odd part of the short-distance amplitude. The authors of [34] , on the other hand, find a large effect on the D → γγ branching ratio from K + K − intermediate states. Their amplitude, however, is formally suppressed with 1/m c relative to our 1PI amplitude. In view of our estimate above the large effect could be overrated. Only one intermediate state was taken into account so that important contributions in the duality sum might be missing.
CKM parameters and coupling constants
• The decay mechanism B s → φψ → φγ → γγ was estimated to give very small effects on the B → γγ decay amplitudes [15] . It is power suppressed compared to the leading 1PR contribution.
Phenomenology
In this section we present numerical results for the expressions derived in this paper. Our choice of input parameters is summarized in Table 1 . For definiteness we employ the two-loop form of the running coupling α s (µ) (as quoted in [38] ), which corresponds to α s (M Z ) = 0.118 for Λ With central values of all input parameters, at µ = m b , and using a nominal value of the CKM angle γ = 58
• , we find for the branching ratios to leading logarithmic accuracy, evaluating (14) , (40) . The precise value of these power-suppressed effects depends strongly on the renormalization scale µ. Typically, the relative size of the 1PI terms diminishes when the scale is lowered, both due to an increase in C 7 , as well as due to the simultaneous decrease of the combination C 1 + 3C 2 .
The main errors in (46-49) come from the variation of the nonperturbative input parameters λ B and the decay constants f B d and f Bs which are all poorly known and enter the branching ratios quadratically. The residual scale dependence is sizeable as well because we calculated at leading logarithmic accuracy only. The variation of the branching ratio with the scale would be less severe if next-to-leading QCD corrections were known. We expect the NLL corrections to increase the branching ratio as was the case for both the inclusive [7] and exclusive [8, 9] b → sγ decays.
The effect of next-to-leading logarithmic corrections for the branching ratio of b → sγ can be reproduced by choosing a low renormalization scale (µ ≈ m b /2) in the leading logarithmic expressions. If such a low scale were also relevant for B → γγ the branching ratios would read For comparison we also show the results for the case where short-distance QCD effects are neglected altogether. This amounts to taking µ = M W in the leading-order Wilson coefficients and gives
Clearly, the leading logarithmic QCD corrections yield a substantial enhancement [15] [16] [17] of the branching ratios (46), (47), similar to the case of b → sγ.
The numerical evaluation of (23) CP asymmetry appears already at O(α 0 s ). This is possible via a modified BSS mechanism: Instead of the usual QCD penguin, already the electroweak loop in Fig. 3 itself leads to a CP-conserving phase.
The scale dependence of the CP asymmetry is rather strong, as can be seen in Fig. 6 . The ratio r CP also depends sensitively on fundamental CKM parameters such as the CKM angle γ (Fig. 6) . The extremal value of r − CP (B d ) is obtained for γ = 50 deg. The sensitivity of the branching ratios and CP asymmetries to variations in the relevant input parameters is summarized in Table 2 . As already mentioned, the dominant uncertainty for our prediction of branching ratios comes from the variation of the hadronic parameter λ B , which enters the leading-power amplitude. So far, our value for λ B quoted in Table 1 is only an educated guess with the uncertainty taken appropriately large. It would be highly desirable to get a better estimate of this important parameter. We anticipate that this problem can be addressed soon using QCD sum rules or lattice QCD. As λ B parametrizes the first negative moment of the B meson wave function, it is a universal quantity that appears in many exclusive decays. An experimental determination might also be possible using radiative semileptonic B decays, or even a future measurement of B → γγ. The variation of the remaining parameters, other than λ B , changes the branching ratios ofB d → γγ andB s → γγ by about ±50% and ±35%, Table 2 : Predictions for branching ratios and CP asymmetries with the errors from the individual input uncertainties.
respectively. If both branching fractions could be measured, one could consider their ratio where the dominant uncertainties from λ B and f B would cancel to a large extent. The main uncertainty for the CP asymmetries at present comes from the variation of the renormalization scale µ. This could be reduced, in principle, by including higher order QCD corrections.
Our predictions for the branching ratios are roughly two orders of magnitude below the current experimental bounds in (1). The recent upper limit for B(B d → γγ) from BaBar in (1) improved the previous limit from the L3 collaboration [11] by a factor of 20. With more integrated luminosity accumulated the upper bound will be further reduced, but it will barely reach the interesting region. The highluminosity option SuperBaBar suggests a total integrated luminosity of 10 ab −1 . The number of observed B d → γγ events is then expected to be about two dozens for a branching fraction of 3 · 10 −8 [39] . Running such a machine at the Υ(5S) resonance would open the possibility of measuring B s → γγ as well. An interesting option might further be the operation of a future e + e − linear collider at the Z resonance.
Conclusions
In this paper we have presented a systematic discussion of the decays B s,d → γγ, exploiting the simplifications of QCD in the heavy-quark limit. This enabled us to study these processes for the first time within a model-independent framework. In particular, we discussed the hierarchy of contributions to the decay amplitude in powers of Λ QCD /m b . The leading contribution to B s → γγ comes from the chromomagnetic b → sγ transition where the second photon is emitted from the s-quark constituent.
We have also investigated the B → γγ matrix elements of four-quark operators Q 1 and Q 2 , which proceed through 1PI triangular up-and charm-quark loops. These are suppressed by Λ QCD /m b relative to the leading contribution.
Disregarding other terms of the same order, the consideration of these 1PI diagrams is nevertheless meaningful because they are the leading effects that induce a difference between the up-and charm-quark sectors of the amplitude. This is important for CP violation. They are also interesting as the partonic counterparts of certain, so-called long-distance effects in B → γγ or, similarly, D → γγ. We have argued that the 1PI matrix elements are calculable in QCD factorization and have explicitly shown this property at leading (O(α 0 s )) and next-to-leading order (O(α s )) in the strong coupling. Numerically the 1PI effect is only of order 10% in the amplitude, in accordance with a power-correction of canonical size.
Our estimates for branching ratios and CP asymmetries are given in Table 2 . At present there are still very large uncertainties in the absolute predictions for the branching fractions due to the high sensitivity on the hadronic parameter λ B , which is a universal, process-independent property of the B meson. The quantity λ B is poorly studied at present, but an improved determination should be possible in the future. Also, a measurement of B s → γγ could be a useful test of the hadronic dynamics and for λ B , which plays an important role for many other exclusive B decays.
The experimental study of B s,d → γγ will not be easy. Presumably second generation B-factories or the high-intensity operation of a future e + e − linear collider at the Z pole would offer the best prospects. The radiative modes B s,d → γγ are interesting probes of heavy-flavour physics in their own right and especially in the context of factorization and the theory of exclusive B decays. In view of this, new ways towards their experimental observation should continue to be pursued.
